
DERIVE BLACK-SCHOLES PDE

LARRY, ZHIRONG LI

Derive the Black-Scholes equation (just the sketch), and give a few numerical methods to
solve this kind of SDE.

Readers are referred to Prof. Peter Forsyth's lecture notes for the numerical methods in solving the SDE.

The basic assumptions for B-S equation is

• The price movement of the underlying follows a GBM process, i.e.,

dSt
St

= µ (St, t) dt+ σ (St, t) dWt

and the bond price follows the
dBt
Bt

= rdt

• There are no transaction costs and any other market frictions.

• All securities are perfectly divisible.

• There are no risk free arbitrage opportunities.

• Short selling is allowed.

Method 1 (Replicating the payo�): To derive the Black-Scholes PDE, one can make the replicating

portfolio's worth the same as the current value of the option. Suppose that the replicating portfolio Vt is
composed of xt shares of the underlying and yt units of the risk-free bond. Thus

Vt = xtSt + ytBt

If the portfolio is self-�nancing, then

dVt = xtdSt + ytdBt

= xtStσ (St, t) dWt + (xtStµ (St, t) + ytrBt) dt

Based on the Itô's lemma,

dCt (St, t) =
∂Ct
∂St

dSt +
∂Ct
∂t

dt+
1

2

∂2Ct
∂S2

t

(dSt)
2

=

(
∂Ct
∂t

+
∂Ct
∂St

Stµ (St, t) +
1

2

∂2Ct
∂S2

t

S2
t σ

2 (St, t)

)
dt+

∂Ct
∂St

Stσ (St, t) dWt

Therefore, by equating the above two equations, we can get

∂Ct
∂St

= xt

which is the option delta and

Ct − ∂Ct

∂St
St

Bt
= yt
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Hence
∂Ct
∂t

+
1

2

∂2Ct
∂S2

t

S2
t σ

2 (St, t) = ytrBt = r

(
Ct −

∂Ct
∂St

St

)
Rearrange the above terms and simplify, we can get the Black-Scholes equation as

∂Ct
∂t

+ r
∂Ct
∂St

St +
1

2

∂2Ct
∂S2

t

S2
t σ

2 (St, t)− rCt = 0

The second approach can be achieved by considering the market risk under CAPM.

Method 2 (CAPM): In an equilibrium market, the ROI in excess of the risk-free return for a single

stock should be the same as the ROI for the options. By taking the extraneous risk, the investors would

expect to be compensated for this accordingly.

The ROI for the stock during dt is dSt

St
= µ (St, t) dt + σ (St, t) dWt, hence the expected ROI in excess

of the risk free rate r per unit time is µ (St, t) − r and the instantaneous risk measured by the standard

deviation is given by

√
(σ(St,t)dWt)

2

dt = σ (St, t). The sharp ratio for the stock is de�ned by

µ (St, t)− r

σ (St, t)

Similarly, the ROI for the option during dt time is dCt

Ct
= 1

Ct

(
∂Ct

∂St
dSt +

∂Ct

∂t dt+
1
2
∂2Ct

∂S2
t
(dSt)

2
)
. Hence the

expected ROI in excess of the risk free rate r is given by

1
Ct

(
∂Ct

∂St
dSt +

∂Ct

∂t dt+
1
2
∂2Ct

∂S2
t
(dSt)

2 − rCtdt
)

= 1
Ct

(
∂Ct

∂t + ∂Ct

∂St
Stµ (St, t) +

1
2
∂2Ct

∂S2
t
S2
t σ

2 (St, t)− rCt

)
dt+ 1

Ct

(
∂Ct

∂St
Stσ (St, t) dWt

)
As a result, the expected ROI in excess of the risk free return rate r per unit time is derived as

1

Ct

(
∂Ct
∂t

+
∂Ct
∂St

Stµ (St, t) +
1

2

∂2Ct
∂S2

t

S2
t σ

2 (St, t)− rCt

)
and the risk per unit time is given by

1

Ct

(
∂Ct
∂St

Stσ (St, t)

)
Equating the above two sharp ratios for stock and option, we can deduce that

∂Ct

∂t + ∂Ct

∂St
Stµ (St, t) +

1
2
∂2Ct

∂S2
t
S2
t σ

2 (St, t)− rCt
∂Ct

∂St
Stσ (St, t)

=
µ (St, t)− r

σ (St, t)

Rearrange the above terms, we can get the following as expected.

∂Ct
∂t

+ r
∂Ct
∂St

St +
1

2

∂2Ct
∂S2

t

S2
t σ

2 (St, t)− rCt = 0


